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We study radiative processes of uniformly accelerated entangled atoms, interacting with an elec-
tromagnetic field prepared in the Minkowski vacuum state. We discuss the structure of the rate
of variation of the atomic energy for two atoms travelling in different hyperbolic world lines. We
identify the contributions of vacuum fluctuations and radiation reaction to the generation of entan-
glement as well as to the decay of entangled states. Our results resemble the situation in which two
inertial atoms are coupled individually to two spatially separated cavities at different temperatures.
In addition, for equal accelerations we obtain that one of the maximally entangled antisymmetric
Bell state is a decoherence-free state.
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I. INTRODUCTION
Superposition and entanglement are the distinguished
properties of the quantum theory. Entangled pure quan-
tum states are defined as states that cannot be factor-
ized into product of pure states of subsystems. Entan-
glement has attracted much interest since it is a essential
feature underlying quantum information, cryptography
and quantum computation [1, 2]. There exist several
sources of entangled quantum systems, such as in solid
state physics, quantum optics and also atoms in cavity
electrodynamics. Many ways were proposed in order to
generate entangled states in systems of two-level atoms
interacting with a bosonic field. See for example [3–7].
In a seminal paper, Yu and Eberly studied the radia-
tive processes of entangled two-level atoms coupled in-
dividually to two spatially separated cavities [8]. A dif-
ferent scenario was discussed in Ref. [9]. In this work,
radiative processes of a quantum system composed by
two identical two-level atoms interacting with a mass-
less scalar field prepared in the vacuum state in the
presence of perfect reflecting flat boundaries were ana-
lyzed. The authors investigated the spontaneous tran-
sitions rates from the entangled states to its collective
ground state induced by vacuum fluctuations. In the
presence of a single boundary the transition rate for the
symmetric state undergoes a strong reduction, whereas
for the antisymmetric state the results indicate a slightly
enhancement. Following the discussion by Ackerhalt,
Knight and Eberly [10], which presents the possibility
to interpret spontaneous decay as a radiation-reaction
effect, in Ref. [11] we have discussed quantum entangle-
ment between inertial atoms within the formalism devel-
oped by Dalibard, Dupont-Roc, and Cohen-Tannoudji
∗ gabrielmenezes@ufrrj.br
† nfuxsvai@cbpf.br
(DDC) [12, 13]. As discussed by Milonni the effects of
vacuum fluctuations and radiation reaction depend on
a particular ordering chosen for commuting atomic and
field operators [14]. The DDC formalism asserts that
there is a unique way in which such distinct contribu-
tions to the rate of change of an atomic observable are
separately Hermitian and hence they enjoy an indepen-
dent physical meaning. This is achieved by choosing a
preferred operator ordering, namely a symmetric order-
ing of commuting atom and field variables. Within such
a formalism the interplay between vacuum fluctuations
and radiation reaction can be considered to maintain the
stability of the atom in its ground state. We remark that
this formalism was employed in many situations [15–20].
For uniformly accelerated atoms, we remark that this
method motivates in a quantitative sense the intuitive
scenario outlined in Ref. [21].
Recently there has been an extensive literature de-
voted to investigations of quantum information theory
within the framework of quantum field theory and quan-
tum field theory in curved space-time. This emerging
field of relativistic quantum information has been attract-
ing increasing interest within the scientific community.
In its essence, this subject aims at understanding the
role that relativistic settings play in quantum informa-
tion processes. In some way, familiar notions in quantum
information theory claim for a critique reappraisal when
one brings up relativistic considerations. Even though
we do not intend to give an extensive bibliography of the
subject, here we call attention on some of such impor-
tant works. For instance, in reference [22] it was shown
that entangled states reduce to separable states at infi-
nite acceleration. This phenomenon is sometimes called
Unruh decoherence and is closely related to the Unruh
effect [23–25]. The idea is that the acceleration of the
observer causes a sort of enviromental decoherence which
narrows the fidelity of certain processes of primary im-
portance in quantum information. Relationships between
entanglement and space-time curvature were investigated
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2in Ref. [26]. The degradation phenomenon of entangle-
ment in a Schwarzschild black hole was investigated in
Ref. [27]. On the other hand, in contrast to this effect,
in references [28, 29] the authors considered a situation
of tripartite entanglement in which one of the three en-
tities moves with a uniform acceleration with respect to
the others; their results indicate that entanglement does
not completely vanish in the infinite acceleration limit.
In turn, generation of quantum entanglement between
two localized causally disconnected atoms was studied in
references [30–36]. Similar results were found in refer-
ences [37–40], but with different setups and within dis-
tinct scenarios. We also mention investigations of quan-
tum teleportation between noninertial observers [41–43],
relativistic approaches to the Einstein-Podolsky-Rosen
(EPR) construction and also to Bell’s inequality [44–48],
EPR-type correlations in quantum fields [49] and entan-
glement in fermionic fields [50, 51]. See also [52–59] for
more interesting discussions on the subject of relativis-
tic quantum entanglement. As a general source for rel-
ativistic quantum information we also refer the reader
the Ref. [60] which also indicates some open problems in
such a research field. Various aspects of this important
research topic are reviewed in the special issue of Clas-
sical and Quantum Gravity [29 (22) (2012)]. One of the
most important implications of such studies is the real-
ization of the observer-dependency property of quantum
entanglement [61]. Hence a quantitative understanding
of such phenomena is highly required in discussions on
certain quantum information processes between acceler-
ated members of a system.
In the description of the dynamics of a system cou-
pled to a reservoir different formalisms have been used.
Generally the reservoir is described by an infinitely many
degrees-of-freedom formalism. The standard framework
is the traditional master equation approach. The evolu-
tion of the reduced density matrix of the atoms is usually
written in the Kossakowski-Lindblad form. Within this
approach it is possible to quantify the degree of entangle-
ment of a particular state. Here since we are interested
in apprehending the machinery responsible for generation
(or degradation) of entanglement in radiative processes
involving atoms, we choose a different route and use the
DDC formalism aforementioned. Moreover, this formal-
ism easily enables one to discuss classical and quantum
mechanical concepts. Hence in the present paper we pro-
pose to generalize the results of Ref. [62] in which the
authors investigate quantum entanglement between two
uniformly accelerated atoms with the same acceleration.
Being more specific, we assume that both atoms travel in
different hyperbolic trajectories. We consider that both
atoms are coupled to a quantum electromagnetic field. In
addition, we intend to identify the role of vacuum fluctu-
ations and radiation reaction in the radiative processes
of entangled atoms in uniformly accelerated motion.
The organization of the paper is as follows. In Sec-
tion II we discuss the implementation of the DDC for-
malism in the situation of interest. In Section III we
calculate in detail the distinct contributions of vacuum
fluctuations and radiation reaction to the rate of varia-
tion of atomic energy in vacuum for atoms moving along
different hyperbolic trajectories. Specific discussion re-
garding the obtained results is given. Conclusions and
final remarks are given in Section IV. The paper includes
Appendices containing details of lengthy derivations. In
this paper we use units ~ = c = kB = 1. We are us-
ing the Minkowski metric ηαβ = −1, α = β = 1, 2, 3,
ηαβ = 1, α = β = 0 and ηαβ = 0, α 6= β. All graphics
were drawn using the Mathematica package.
II. TWO IDENTICAL ATOMS COUPLED WITH
A ELECTROMAGNETIC FIELD
Let us suppose the case of two identical two-level atoms
interacting with a common electromagnetic field. We are
working in a four-dimensional Minkowski space-time. In
this paper we work in the multipolar coupling scheme
which means that all interactions are realized through
the quantum electromagnetic fields. This formalism is
suitable for describing retarded dipole-dipole interactions
between the atoms. Let us consider that such atoms
are moving along different hyperbolic trajectories in the
(t, x1) plane. In this case, the atoms are said to be
Rindler observers. As well known, the Rindler met-
ric ds2 = e2aξ(dη2 − dξ2) − dx2⊥ is the metric seen by
an uniformly accelerated observer. Rindler coordinates
(η, ξ) and Minkowski coordinates (t, x1) are related by
the known relations [23]
x1 = a
−1eaξ cosh aη
t = a−1eaξ sinh aη, (1)
where a is a positive constant and −∞ < η, ξ <∞. The
coordinates (η, ξ) cover only a quadrant of Minkowski
space, namely the wedge x1 > |t|. Lines of constant η
are straight, whereas lines of constant ξ are hyperbolae:
x21 − t2 = a−2e2aξ.
These represent world lines of uniformly accelerated ob-
servers. One has that the (constant) proper acceleration
is given by
ae−aξ = α. (2)
Thus, different (but constant) ξ’s correspond to different
hyperbolae and hence to different proper accelerations.
The accelerated observers’ proper time τ is related to
ξ, η by
τ = eaξη. (3)
This implies that in general, the atoms will be moving
along different world lines, so there will be two different
proper times parameterizing each of these curves. We
remark that the quantity a remains the same for both
atoms in this situation.
3Here we would like to identify the distinct contribu-
tions of quantum field vacuum fluctuations and radiation
reaction to the entanglement dynamics of the atoms. As
discussed above, we consider both atoms on different sta-
tionary trajectories xµ(τi) = (t(τi),x(τi)), where again
τi denotes the proper time of the atom i. Usually one
employs the proper time in order to describe time evo-
lution of the atom-field system since it is directly mea-
surable by the clocks of the observers. Here, because
the atoms are moving along distinct hyperbolic trajecto-
ries, one has two proper times. However, to derive the
Heisenberg equations of motion of the coupled system,
we have to choose a common time variable. This implies
that a certain amount of care is required when choosing
the parameter which will describe the time evolution of
the system. At first sight, it is most reasonable to refer
generally to one of the atom’s proper time τ1 and then
relate the other proper time τ2 with τ1. At any rate, an
alternative simple choice is also available, namely a co-
ordinate time. In the present context, one could choose
the Minkowski coordinate time. Nevertheless, as will be-
come clear throughout the text, a more sensible path is
to adopt the Rindler coordinate time η. Hence, in what
follows we describe the time evolution with respect to
such a parameter which, because of (3), has a functional
relation with each of the proper times of the atoms.
The stationary trajectories guarantees that the undis-
turbed atomic system has stationary states which in our
particular case are given by equation (5). Within the
multipolar coupling approach the purely atomic part of
the total Hamiltonian describes the free Hamiltonian of
two two-level atoms. The Hamiltonian that governs the
time evolution of this atomic system with respect to η
can then be written as
HA(η) =
ω0
2
[(
Sz1 (τ1(η))⊗ 1ˆ
) dτ1
dη
+
(
1ˆ⊗ Sz2 (τ2(η))
) dτ2
dη
]
, (4)
where Sza = |ea〉〈ea| − |ga〉〈ga|, a = 1, 2, |g1〉 and |g2〉
being the ground states of the atoms isolated from each
other and |e1〉 and |e2〉 their respective excited states.
The space of the free two-atom system is spanned by
four product states with respective energies
Egg = −ω0 |gg〉 = |g1〉|g2〉,
Ege = 0 |ge〉 = |g1〉|e2〉,
Eeg = 0 |eg〉 = |e1〉|g2〉,
Eee = ω0 |ee〉 = |e1〉|e2〉, (5)
where a tensor product is implicit. Instead of working
with this product-state basis, we can conveniently choose
the Bell state basis. In terms of the product states, one
has:
|Ψ±〉 = 1√
2
(|g1〉|e2〉 ± |e1〉|g2〉)
|Φ±〉 = 1√
2
(|g1〉|g2〉 ± |e1〉|e2〉) . (6)
The Bell states are known as the four maximally entan-
gled two-qubit Bell states, and they form a convenient
basis of the two-qubit Hilbert space. Even though we
consider identical atoms we are employing the above no-
tation in order to allow the possibility of a straighforward
generalization of our results to the case of non-identical
atoms. Furthermore, we remark that the Bell states |Φ±〉
are not eigenstates of the atomic Hamiltonian HA.
Here we consider that the two-atom system is coupled
with an electromagnetic field. By exploring the gauge
invariance of the electromagnetic Lagrangian, we impose
the transversality condition (the Coulomb gauge). Upon
the usual decomposition of the electric and magnetic field
operators in terms of creation and annihilation operators
E(t,x) =
∑
λ
∫
d3k
iωk
(2pi)3(2ωk)1/2
[
ak,λ(t) e
ik·x
− a†k,λ(t) e−ik·x
]
εˆλ(k), (7)
B(t,x) =
∑
λ
∫
d3k
iωk
(2pi)3(2ωk)1/2
[
ak,λ(t) e
ik·x
− a†k,λ(t) e−ik·x
]
(kˆ× εˆλ(k)) (8)
the electromagnetic field Hamiltonian HF =
(1/2)
∫
d3x
[
E2 +B2
]
acquires the traditional form
HF (t) =
∑
λ
∫
d3k
(2pi)3
ωk a
†
k,λ(t)ak,λ(t), (9)
where a†k,λ, ak,λ are the creation and annihilation oper-
ators of the electromagnetic field and we have neglected
the zero-point energy. The index λ labels different po-
larizations of the field: The orthonormal vectors εˆλ(k),
λ = 1, 2 correspond to the two polarization states of the
photon. These obey known relations that can be found in
many textbooks, see for instance [63]. In the multipolar
coupling scheme and within the so-called electric-dipole
approximation one has that the Hamiltonian which de-
scribes the interaction between the atoms and the field
is given by
HI(η) = −µ1(τ1(η)) ·E(x1(τ1(η))) dτ1
dη
− µ2(τ2(η)) ·E(x2(τ2(η))) dτ2
dη
(10)
where µi (i = 1, 2) is the electric dipole moment oper-
ator for the i-th atom. It should be observed that the
electric field above is the measured electric field defined
through the measured force it exerts on an atom. The
appearence of terms as dτ/dη is a consequence of the
fact that both atoms move along different stationary tra-
jectories as discussed above. As asserted in this paper
we describe time evolutions with a coordinate time pa-
rameter which is to be identified with the Rindler co-
ordiante time η. Moreover, we are assuming that for
4both atoms each component of the dipole moment is re-
quired to evolve in time in the same way as De Witt’s
monopole in the case of a scalar field, as discussed by
Takagi [64]. This would be the case only if the directions
of the both dipole moments are kept fixed with respect to
the proper frame of reference of the atoms; otherwise the
rotation of the dipole moment will bring in extra time
dependence in addition to its intrinsic time evolution. In
addition, one should bear in mind that, for each atom
µ · E = ∑j µj Ej , where j stands for the j-th spatial
component with respect to the proper reference frame of
the atom, which is the Rindler orthonormal frame of ref-
erence. The expression for the atom-field interaction can
always be put in a manifestly invariant form, that is, for
each atom: Uµ(τ)Fµν(x(τ))v
ν(τ), where vµ is the four-
velocity of the atom and Uµ is the four-vector associated
with the dipole moment such that, in its proper reference
frame, its temporal component vanishes and its spatial
components are given by µi.
We point out that the dipole moment operator can be
written as
µi(τi) = 〈gi|µi|ei〉|gi〉〈ei|+ H.c.
≡ µ [S+i (τi) + S−i (τi)] , (11)
(no summation over repeated indices) where we have as-
sumed a proper choice of phases which allows the dipole
matrix elements to be real and we have defined the
dipole raising and lowering operators as S+i = |ei〉〈gi|
and S−i = |gi〉〈ei|, respectively. In addition, since the
atoms are presumed to be identical, the matrix elements
〈gi|µi|ei〉 are independent of the index i and denoted
simply by µ.
The Heisenberg equations of motion for the dynami-
cal variables of the atom and the field can be derived
from the total Hamiltonian H = HA + HF + HI . We
draw attention to the fact that the present work employs
a coherent quantum evolution treatment instead of the
more tradicional open quantum system approach in the
analysis of quantum entanglement. As remarked in the
previous Section, the former allows one to discuss the
contributions of vacuum fluctuations and radiation reac-
tion in the radiative processes of entangled atoms. The
rates of change of the atomic observables are governed
by the Heisenberg equations
dSza(τa(η))
dη
= −i [µ1(τ1(η)) ·E(x1(τ1(η))), Sza(τa(η))]
dτ1
dη
− i [µ2(τ2(η)) ·E(x2(τ2(η))), Sza(τa(η))]
dτ2
dη
,
(12)
a = 1, 2, whereas for dynamical variables of the field one
has
d
dt
ak,λ(t(η)) = −iωkak,λ(t(η))
−i[µ1(τ1) ·E(x1(τ1)), ak,λ(t(η))]dτ1
dt
−i[µ2(τ2) ·E(x2(τ2)), ak,λ(t(η))]dτ2
dt
.
(13)
In Eq. (13), t and the proper times τa must be considered
as functions of η. In addition, in Eq. (12) one have taken
into account that Sza commutes with HA. In order to
proceed one splits the solutions of the equations of motion
in two parts, namely: The free part, which is present
even in the absence of the coupling; and the source part,
which is caused by the interaction between atom and field
and contains the coupling constant e. Therefore one can
write [15, 17]
Sza(τa(η)) = S
z,f
a (τa(η)) + S
z,s
a (τa(η)),
ak,λ(t(η)) = a
f
k,λ(t(η)) + a
s
k,λ(t(η)). (14)
Similar considerations can be applied for the the elec-
tric dipole moment operators of the atoms, namely:
µza(τa(η)) = µ
z,f
a (τa(η)) +µ
z,s
a (τa(η)). In this way, up to
first order in µ, the solutions of the equations of motion
are given by:
Sz,fa (τa(η)) = S
z,f
a (τa(η0))
Sz,sa (τa(η)) = −i
2∑
b=1
∫ η
η0
dη′[µfb (τb(η
′)) ·Ef (xb(τb(η′))), Sz,fa (τa(η))]
dτb
dη′
afk,λ(t(η)) = a
f
k,λ(t(η0)) e
−iωk[t(η)−t(η0)]
ask,λ(t(η)) = −i
2∑
b=1
∫ η
η0
dη′[µfb (τb(η
′)) ·Ef (xb(τb(η′))), afk,λ(t(η))]
dτb
dη′
. (15)
Since one can construct from the annihilation and cre-
ation field operators the free and source part of the quan-
tum electric field, one also has
E(t(η),x(η)) = Ef (t(η),x(η)) +Es(t(η),x(η)). (16)
However, as discussed in Refs. [12, 13, 15], there is an
5ambiguity of operator ordering which arises in such a
procedure. Being more specific, when one considers the
Heisenberg equations of motion for an arbitrary atomic
observable A(τ)
dA
dη
=
1
i
[A(η), HA(η)] +
1
i
[A(η), HI(η)] (17)
and proceeds with the split of the solutions for the quan-
tum field into free and source parts. The feature that
all atomic observables commute with E is preserved in
time because of the unitary evolution. However, this is
no longer true for Ef and Es separately: the source part
of the field picks up contributions of atomic observables
during its time evolution. In face of this fact, one must
choose an operator ordering when discussing the effects
of Ef and Es separately. This operation does not modify
the final results for physical quantities, yet it does pro-
duce distinct interpretations concerning the roles played
by vacuum fluctuations and radiation reaction. Nonethe-
less, there exists a preferred operator ordering by which
the effects of such phenomena can posses independent
physical meanings [12, 13, 15]. In other words, such
works reveal that only if a symmetric ordering of atomic
and field variables is adopted, both contributions com-
ing from vacuum fluctuations and radiation reaction are
Hermitian. Therefore, adopting the symmetric ordering
prescription, one can identify the contribution of the vac-
uum fluctuations to the above rate:
(
dA
dη
)
V F
= − i
2
2∑
a=1
{
Ef (xa(τa(η))) · [µa(τa(η)), A(η)] + [µa(τa(η)), A(η)] ·Ef (xa(τa(η)))
} dτa
dη
, (18)
where the subscript V F stands for the vacuum-fluctuation contribution, and the radiation reaction terms read(
dA
dη
)
RR
= − i
2
2∑
a=1
{
Es(xa(τa(η))) · [µa(τa(η)), A(η)] + [µa(τa(η)), A(η)] ·Es(xa(τa(η)))
} dτa
dη
, (19)
with the subscript RR labeling the radiation-reaction effect terms. In the expressions above we have considered only
the part due to the interactions with the field. This method is the most interesting instruction which allows the
possibility of studying the interplay between vacuum fluctuations and radiation reaction in quantum entanglement.
Hence one can identify the contributions of vacuum fluctuations and radiation reaction in the evolution of the atoms’
energies, which are given by the expectation value of HA, given by equation (4). The free part of the atomic
Hamiltonian is constant in time so that the rate of change of HA consists only of the two contributions given by,
respectively(
dHA
dη
)
V F
= − i
2
2∑
a=1
{
Ef (xa(τa(η))) · [µa(τa(η)), HA(η)] + [µa(τa(η)), HA(η)] ·Ef (xa(τa(η)))
} dτa
dη
, (20)
and (
dHA
dη
)
RR
= − i
2
2∑
a=1
{
Es(xa(τa(η))) · [µa(τa(η)), HA(η)] + [µa(τa(η)), HA(η)] ·Es(xa(τa(η)))
} dτa
dη
. (21)
In a perturbative treatment, we take into account only terms up to order µ2. We also consider an averaging over the
field degrees of freedom by taking vacuum expectation values. Since they contain only free operators, only the electric
field is affected. In turn, we are interested in the evolution of expectation values of atomic observables. Accordingly,
we also take the expectation value of the above expressions in a state |ω〉 with energy ω, which can be one of the
states given by equation (5) or one can also consider the Bell states |Ψ±〉. More details concerning such calculations
can be found elsewhere, see for instance [15, 17]. Therefore, with the notation 〈(· · · )〉 = 〈0, ω|(· · · )|0, ω〉, one has the
pivotal results concerning the vacuum-fluctuation contribution〈
dHA
dη
〉
V F
=
i
2
∫ η
η0
dη′
2∑
a,b=1
dτa
dη
dτ ′b
dη′
Dij(xa(τa(η)), xb(τ
′
b(η
′)))
∂
∂τa
∆ijab(τa(η), τ
′
b(η
′)), (22)
where
∆ijab(τa(η), τ
′
b(η
′)) = 〈ω|[µi,fa (τa(η)), µj,fb (τ ′b(η′))]|ω〉, a, b = 1, 2, (23)
is the linear susceptibility of the two-atom system in the state |ω〉 and
Dij(xa(τa(η)), xb(τ
′
b(η
′))) = 〈0|{Efi (xa(τa(η))), Efj (xb(τ ′b(η′)))}|0〉, a, b = 1, 2
6is the Hadamard’s elementary function. Since we are dealing with free fields, one can employ the results derived in
the Appendix A. On the other hand, for the radiation-reaction contribution, one has:〈
dHA
dη
〉
RR
=
i
2
∫ η
η0
dη′
2∑
a,b=1
dτa
dη
dτ ′b
dη′
∆ij(xa(τa(η)), xb(τ
′
b(η
′)))
∂
∂τa
Dijab(τa(η), τ
′
b(η
′)), (24)
where
Dijab(τa(η), τ
′
b(η
′)) = 〈ω|{µi,fa (τa(η)), µj,fb (τ ′b(η′))}|ω〉, a, b = 1, 2, (25)
is the symmetric correlation function of the two-atom system in the state |ω〉 and
∆ij(xa(τa(η)), xb(τ
′
b(η
′))) = 〈0|[Efi (xa(τa(η))), Efj (xb(τ ′b(η′)))]|0〉, a, b = 1, 2
is the Pauli-Jordan function which, for the same reason as above, can be evaluated from Appendix A. Observe that
we have employed an index notation in order to represent the dot product of two vectors E · µ = Ei µi, where the
Einstein summation convention is to be understood in the above equations and henceforth (unless otherwise stated).
Therefore the vector character of the electric field is manifest in the appearance of indices in the correlation functions.
Note that ∆ijab and D
ij
ab characterize only the two-atom
system itself, unlike the statistical functions of the field
which have to be evaluated along the trajectory of the
atoms. We see from equations (22) and (24) that the
rate of variation of the energy of the two-atom system
presents contributions from the isolated atoms and also
contributions due to cross correlations between the atoms
mediated by the field. This interference is a consequence
of the interaction of each atom with the field. Such ob-
servations make clear that such a formalism enables one
to discuss the generation of entanglement between atoms
initially prepared, say, in the ground state as well as the
stability of entangled states.
Using that
µi,fa (τa) = e
iHAτaµi,fa (0)e
−iHAτa ,
a = 1, 2, and the completeness relation for the atomic
product states (or the Bell states):∑
ω′
|ω′〉〈ω′| = 1,
one can show that the statistical functions for the two-
atom system can be put in the following explicit forms
∆ijab(η, η
′) =
∑
ω′
[
Aijab(ω, ω′) ei∆ω(τa(η)−τb(η
′))
− Ajiba(ω, ω′) e−i∆ω(τa(η)−τb(η
′))
]
, (26)
and
Dijab(η, η
′) =
∑
ω′
[
Aijab(ω, ω′) ei∆ω(τa(η)−τb(η
′))
+ Ajiba(ω, ω′) e−i∆ω(τa(η)−τb(η
′))
]
, (27)
where ∆ω = ω− ω′, ω′ being the energy associated with
the state |ω′〉. If the initial state |ω〉 is one of the Bell
entangled states, then the sum over ω′ is carried out with
respect to the product states given by Eq. (5). On the
other hand, if the initial state |ω〉 is one of the states
of Eq. (5), then such a sum is over the Bell states of
Eq. (6). In the above the generalized atomic transition
dipole moment Aijcd(ω, ω′) is defined by
Aijcd(ω, ω′) = 〈ω|µi,fc (0)|ω′〉〈ω′|µj,fd (0)|ω〉. (28)
Finally, observe that from (3) one can easily perform a
change of variables in equations (22) and (24) in order to
describe the time evolution in terms of one of the proper
times of the atoms.
In this paper we wish to investigate the creation
of entangled states [currently represented by the Bell
states (6)] from atoms initially prepared in a separa-
ble state [given by equation (5)], and also the decay of
the Bell states to one of the product states. In order
to study the degradation of entanglement between the
atoms as a spontaneous emission phenomenon, assume
that the atoms were initially prepared in one of the Bell
states |Ψ±〉. With this regard, equations (5) and (6)
state that the only allowed transitions are |Ψ±〉 → |gg〉,
with ∆ω = ω−ω′ = ω0 > 0 and |Ψ±〉 → |ee〉, with ∆ω =
ω−ω′ = −ω0 < 0. On the other hand, suppose one wishes
to address the generation of entanglement. Assume that
the atoms were initially prepared in the atomic ground
state |gg〉. Consider the excitation rate to one of the Bell
states |Ψ±〉. Hence ∆ω = −ω0 < 0. Similarly, for atoms
initially prepared in the state |ee〉, only the transition
|ee〉 → |Ψ±〉 is permitted, with ∆ω = ω − ω′ = ω0 > 0.
Incidentally, we remark that, if we consider the excita-
tion rate to one of the Bell states |Φ±〉, one would get
∆ω = 0, which implies that 〈dHA/dη〉 = 0. Hence it
is not possible to generate such Bell states out of the
ground-state atoms.
In the next Section we will discuss in detail the rate of
variation of atomic energy for atoms in uniformly accel-
erated motion.
7III. RATE OF VARIATION OF THE ATOMIC
ENERGY IN VACUUM FOR UNIFORMLY
ACCELERATED MOTION
A. Presentation of the main results
We consider our two-atom system in a situation where
both atoms move along different hyperbolic trajectories
in the (t, x1) plane. As explained, these correspond to dif-
ferent ξ coordinates, which we call ξ1 and ξ2 and each ξ is
a constant. Their world lines are parametrized by equa-
tions (1). For simplicity, we consider the case in which
both atoms have the same spatial coordinates which are
orthogonal to the direction of the acceleration. We metic-
ulously evaluate the expressions concerning the contribu-
tions of vacuum fluctuations and radiation reaction to the
rate of variation of atomic energy in Appendix B. Here
we only present the main results. Concerning the contri-
butions from vacuum fluctuations, one has:
〈
dHA
dη
〉
V F
= − a
3
4pi
∑
ω′
2∑
c,d=1
e−a(ξc+ξd) exp
[
i∆ω(αd − αc)aη
αcαd
]
csch2 (ψcd)
×
{
∆ωJ ωω′cd (∆ω,∆η) + θ(∆ω)∆ω δij
[
F ij1,cd(∆ω, αd) +
F ij2,cd(∆ω, αd)
e2pi∆ω/αd − 1 +
(
F ij1,cd(∆ω, αc)
)∗
+
(
F ij2,cd(∆ω, αc)
)∗
e2pi∆ω/αc − 1
]
− θ(−∆ω)|∆ω| δij
[(
F ij1,cd(|∆ω|, αd)
)∗
+
(
F ij2,cd(|∆ω|, αd)
)∗
e2pi|∆ω|/αd − 1 + F
ij
1,cd(|∆ω|, αc) +
F ij2,cd(|∆ω|, αc)
e2pi|∆ω|/αc − 1
]}
, (29)
where ∆η > ψcd/a > 0. We have defined the following functions:
J ωω′cd (∆ω,∆η) = −
1
8picsch2ψcd
∫ ∞
a∆η
du
(
ei∆ωu/αd + e−i∆ωu/αc
) δijT ijcd(ω, ω′;u, 0)
sinh3
(
au+ψcd
2
)
sinh3
(
au−ψcd
2
) (30)
and
F ijn,cd(∆ω, α) = F ijn,cd(ω, ω′; ∆ω, α)
= nU ijcd(ω, ω
′; ∆ω, α) + V ijcd (ω, ω
′; ∆ω, α)
(31)
where we also have introduced the following definitions:
U ijcd(∆ω, α) = U
ij
cd(ω, ω
′; ∆ω, α)
= Aijcd(ω, ω′)Ui,cd(∆ω, α) (32)
with no implicit summation on repeated indices, and
V ijcd (∆ω, α) = V
ij
cd (ω, ω
′; ∆ω, α)
=
i
picsch2ψcd
∫ 2pi
0
du e−∆ωu/α
× T
ij
cd(ω, ω
′; iu, 0)
(cosu− coshψcd)3
. (33)
The function ψcd is given in the Appendix A whilst
the functions T ijcd(ω, ω
′;u, ) and Ui,cd(∆ω, α) are prop-
erly defined in the Appendix B, see equations (B2), (B7)
and (B8), respectively. Now let us present the radiation-
reaction contributions. One gets, with ∆η > ψcd/a > 0:
〈
dHA
dη
〉
RR
= − a
3
4pi
∑
ω′
2∑
c,d=1
e−a(ξc+ξd) exp
[
i∆ω(αd − αc)aη
αcαd
]
csch2 (ψcd)
×
{
θ(∆ω)∆ω
[
δijU
ij
cd(∆ω, αd) + δij
(
U ijcd(∆ω, αc)
)∗]
+ θ(−∆ω)|∆ω|
[
δij
(
U ijcd(|∆ω|, αd)
)∗
+ δijU
ij
cd(|∆ω|, αc)
]}
. (34)
The prior consideration to be taken regarding the above
results is that the effects of electromagnetic vacuum fluc-
tuations over the rate of variation of energy of an acceler-
8ated atom are not purely thermal: there exist nonthermal
corrections proportional to the acceleration of the atoms.
A similar result is found in reference [18], where the au-
thors study a multilevel hydrogen atom in interaction
with the quantum electromagnetic field. With respect to
the radiation-reaction effect, we also find a striking de-
pendence on the acceleration. Again this situation agrees
with the result found in reference [18].
For completeness we present the total rate of change
of the energy of the two-atom system in a general sit-
uation. This is obtained by adding the contributions
of vacuum fluctuations and radiation reaction given by
equations (29) and (34), respectively. We assume suffi-
ciently large observation time intervals ∆η in such a way
that the term J ωω′cd (∆ω,∆η) can be neglected. One has:
〈
dHA
dη
〉
tot
= − a
3
4pi
∑
ω′
2∑
c,d=1
e−a(ξc+ξd) exp
[
i∆ω(αd − αc)aη
αcαd
]
csch2 (ψcd) ∆ω
× δij
[
F ij2,cd(∆ω, αd)
(
1 +
1
e2pi∆ω/αd − 1
)
+
(
F ij2,cd(∆ω, αc)
)∗(
1 +
1
e2pi∆ω/αc − 1
)]
, (35)
with ∆ω > 0, and
〈
dHA
dη
〉
tot
=
a3
4pi
∑
ω′
2∑
c,d=1
e−a(ξc+ξd) exp
[−i|∆ω|(αd − αc)aη
αcαd
]
csch2 (ψcd) |∆ω|
× δij
[(
V ijcd (|∆ω|, αd)
)∗
+ V ijcd (|∆ω|, αc) +
(
F ij2,cd(|∆ω|, αd)
)∗
e2pi|∆ω|/αd − 1 +
F ij2,cd(|∆ω|, αc)
e2pi|∆ω|/αc − 1
]
, (36)
with ∆ω < 0. Notice that in the ground state of the
two-atom system there is not a balance between vac-
uum fluctuations and radiation reaction which prevents
spontaneous excitations to higher levels. In our context
this means that entanglement between the atoms can be
generated via absorption processes and it persists even
for asymptotic observation times. Observe also that the
cross correlations introduce strong temporal oscillations.
In order to carefully discuss the thermal contributions,
let us consider the following situation. Imagine a fam-
ily of particle detectors at rest in different points in
Rindler space-time. Even though each detector measures
different temperatures T (x), one says that all of them
are in thermal equilibrium due to the Tolman relation√
g00(x)T (x) = const. [65]. We find a similar structure
here, namely rates possessing thermal contributions con-
taining each of the temperatures felt by the atoms. By
invoking the thermalization theorem [21, 66, 67], one con-
cludes that in the situation with sufficiently high relative
accelerations we have two atoms coupled individually to
two spatially separated cavities at different temperatures.
Hence our results clearly indicates that such a situation
bears a remarkable resemblance with the initial set up
of Ref. [8]. We infer that if a detailed investigation of
a circumstance with high relative accelerations is carried
out within a master equation approach, one should ex-
pect to obtain similar results as uncovered by the authors
of such a reference. Namely, that complete disentangle-
ment can be achieved after finite time processes, yet lo-
cal decoherence operations requires an infinite time to
be accomplished. Despite its importance, this interest-
ing analysis is out of the scope of the present work. On
the other hand, for a careful recent discussion on entan-
glement in a quantum system at finite temperature we
refer the reader the reference [68].
Now let us discuss in detail the distinct contributions
to the rate of variation of atomic energy for a specific
transition.
B. Discussions
Here we analyze the distinct contributions to the rate
of variation of atomic energy associated with the transi-
tion |gg〉 → |Ψ±〉. This means that we are investigating
the creation of entanglement via absorption processes.
Hence in this context ∆ω = −ω0 < 0 in equations (29)
and (34). For the sake of the argument, we consider
the generation of the symmetric Bell state |Ψ+〉 but it
is possible to carry out a similar analysis for the anti-
symmetric Bell state |Ψ−〉. We assume sufficiently large
observation time intervals ∆η in such a way that the term
J ωω′cd (∆ω,∆η) can be neglected. It is convenient to write
out the expressions in a more explicit way. Concerning
the vacuum-fluctuation contribution, one has
9〈
dHA
dη
〉
V F
=
ω40 µ
2
12pi
2∑
c=1
eaξc
(
α2c
ω20
+ 1
)(
1 +
2
e2piω0/αc − 1
)
+
ω0 a
3 e−a(ξ1+ξ2)
4pi
csch2 (ψ12) δij
{
U˜ i,12(ω0, α1, η)µj
(
1 +
2
e2piω0/α1 − 1
)
+ U˜ i,21(ω0, α2, η)µj
(
1 +
2
e2piω0/α2 − 1
)
+
[
V˜i12(ω0, α2)
(
1 +
1
e2piω0/α2 − 1
)
− V˜i12(ω0, α1)
(
1 +
1
e2piω0/α1 − 1
)]
µj sin
[
ω0(α2 − α1)aη
α1α2
]}
, (37)
whereas the radiation-reaction terms are given by〈
dHA
dη
〉
RR
= −ω
4
0 µ
2
12pi
2∑
c=1
(
α2c
ω20
+ 1
)
eaξc − ω0 a
3 e−a(ξ1+ξ2)
4pi
csch2 (ψ12) δij
[
U˜ i,12(ω0, α1, η)µj + U˜ i,21(ω0, α2, η)µj
]
.
(38)
In the above expressions we have defined:
U˜1,cd(ω, αc, η) = µ1
{
sin
[
ωψcd
αc
+
ω(αd − αc)aη
αcαd
]
cothψcd − ω
αc
cos
[
ωψcd
αc
+
ω(αd − αc)aη
αcαd
]}
(39)
U˜k,cd(ω, αc, η) = µk
2
cos
[
ωψcd
αc
+
ω(αd − αc)aη
αcαd
]
×
{
ω
αc
coshψcd + cschψcd
((
ω
αc
)2
sinh2(ψcd)− 1
)
tan
[
ωψcd
αc
+
ω(αd − αc)aη
αcαd
]}
,
(40)
k = 2, 3, and
V˜i,12(ω, α) = µi
picsch2ψ12
∫ 2pi
0
du e−ωu/α
νi,12(iu, 0)
(cosu− coshψ12)3
, (41)
with no summation over the repeated index i in this last
expression. The functions νi,12 are defined in the Ap-
pendix A, with the property that ν∗i,12(u, 0) = νi,12(u, 0).
Also, we have used the fact that the matrix elements are
given by
Aij11(g,Ψ±) =
µiµj
2
Aij22(g,Ψ±) =
µiµj
2
Aij12(g,Ψ±) = [A21(g,Ψ±)]∗ = ±
µiµj
2
. (42)
Figure 1 illustrates the behavior of each of the contribu-
tions to 〈dHA/dη〉 as functions of the Rindler coordinates
ξ1 and ξ2 and with isotropic polarizations µ
1 = µ2 = µ3.
As discussed, each fixed ξ represents the world line of
an uniformly accelerated observer; lines of large posi-
tive ξ are associated with weakly accelerated observers,
while the hyperbolae that have large negative ξ have a
high proper acceleration. In this context, we see from
figure 1 that for large negative ξ’s the contribution of
vacuum fluctuations and radiation reaction present sig-
nificantly different behaviors. In this limit the former
acquires large positive values whereas the latter does not
change appreciably, within the considered values in the
plot, as compared with vacuum fluctuations. This im-
plies that the generation of entanglement between highly
accelerated atoms is much more sensitive to vacuum fluc-
tuations as compared with the radiation-reaction effect.
For atoms with lower proper accelerations, both effects
approximately yield contributions of the same order.
For clarity one may consider the situation in which
both atoms travel along the same hyperbolic trajectory
ξ1 = ξ2 = ξ. In this case, they have the same proper
acceleration α1 = α2 = α. In this limit coshψcd → 1, see
Eq. (A20). Expressions (39) and (40) reduce to:
csch2 (ψ12) U˜k,12(ω, α, η)→
ω
(
α2 + ω2
)
3α3
µk (43)
with k = 1, 2, 3, csch2 (ψ12) U˜k,21 = csch2 (ψ12) U˜k,12 in
this limit and also V˜i,12(ω, α1) = V˜i,12(ω, α2). This sit-
uation allows one to easily express the rate in terms of
the proper time of the atoms by employing relation (3).
Hence the expressions of vacuum fluctuations and radia-
10
FIG. 1. Vacuum-fluctuation (in black color) and radiation-
reaction (in blue-white color) contributions to the rate of
variation of atomic energy as functions of the Rindler coor-
dinates ξ1 and ξ2. We choose a = 1, ω0 = 5, η = 100 and
µ1 = µ2 = µ3 = 1. We remark that all physical quantities are
given in terms of the natural units associated with each tran-
sition. Therefore, in this case ξ1, ξ2, η and µ are measured
in units of λ, a are in units of λ−1 and ω0 is given in units of
2piλ−1, where λ = 2pi/ω0. Moreover, 〈dHA/dη〉 is measured
in units of λ−2. For clarity we have multiplied each value of
the rate by 10−16.
tion reaction simplify to, respectively〈
dHA
dτ
〉
V F
=
ω40 µ
2
3pi
(
α2
ω20
+ 1
) (
1 +
2
e2piω0/α − 1
)
,
(44)
and 〈
dHA
dτ
〉
RR
= −ω
4
0 µ
2
3pi
(
α2
ω20
+ 1
)
. (45)
Let us investigate the behavior of each of the contribu-
tions to 〈dHA/dτ〉 as functions of the parameter a. This
is depicted in figure 2. We see from such a plot that
for high values of a (i.e., high proper accelerations) the
differences between vacuum-fluctuation and radiation-
reaction contributions become increasingly clear. The
consequence of these considerations is that in principle
one could plainly distinguish the contributions of vacuum
fluctuations and radiation reaction for the formation of
entangled atoms only for highly accelerated atoms. Inci-
dentally we call attention for the fact that for the tran-
sition |gg〉 → |Ψ−〉, the case with equal proper accelera-
tions offers an interesting result: for both contributions of
vacuum fluctuations and radiation reaction the cross cor-
relations cancel the terms associated with isolated atoms.
FIG. 2. Vacuum-fluctuation and radiation-reaction contribu-
tions to the rate of variation of atomic energy as functions
of the parameter a. We consider the atoms with the same
proper acceleration. We choose ω0 = 5, µ
1 = µ2 = µ3 = 1
and ξ1 = ξ2 = 0 in natural units associated with the transition
in study (see caption below figure 1).
Hence 〈dHA/dτ〉 = 0 for this transition. The Bell state
|Ψ−〉 cannot be created from ground-state atoms with
the same proper acceleration. We remark that for the
case of the transitions |Ψ±〉 → |gg〉 and |Ψ±〉 → |ee〉,
i.e. degradation of entanglement, the results are qualita-
tively the same as those discussed above, including the
fact that 〈dHA/dτ〉 = 0 for the antisymmetric state in
the situation of equal accelerations: the Bell state |Ψ−〉
is stable with respect to radiative processes. Thus we
recover a very known result in a complete different sce-
nario, namely that atoms confined into a region much
smaller than the optical wavelength, the antisymmetric
Bell state |Ψ−〉 can be regarded as a decoherence-free
state [69]. Furthermore, the results presented here should
be compared with the outcomes of Ref. [62], even though
they are working with a scalar field. In this case in which
both atoms have the same proper acceleration we expect
to find similar qualitative conclusions as those of such a
reference.
IV. CONCLUSIONS AND PERSPECTIVES
There have been many works investigating quantum
information theory within the framework of quantum
field theory and quantum field theory in curved space-
time. Several of such studies were implemented in a
framework of open quantum systems. Following the dis-
cussion by Dalibard, Dupont-Roc, and Cohen-Tannoudji,
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we proposed to analyze the distinct contributions of vac-
uum fluctuations and radiation reaction to the quantum
entanglement between two identical atoms in uniformly
accelerated motion. We assume that both atoms are cou-
pled to a quantum electromagnetic field. We have shown
that the contributions of vacuum fluctuations and radi-
ation reaction to the rate of variation of atomic anergy
substantially differ for highly accelerated atoms. In ad-
dition, the creation of entanglement is possible for atoms
initially prepared in the ground state. It is possible to
envisage our results as the situation of two atoms cou-
pled individually to two spatially separated cavities at
different temperatures. For equal accelerations, we have
found that the antisymmetric Bell state |Ψ−〉 acts as a
decoherence-free state
A natural extension of this paper is to consider the
same setup studied here in the presence of boundaries.
Since the presence of boundaries affect the vacuum fluc-
tuations of the quantum field one should expect that the
transition rates of atoms are modified in this situation.
Hence, for entangled states, which have a non-local na-
ture, it is interesting to ask how the transition rates are
modified in a situation where translational invariance is
broken. In turn, a related scenario is the investigation
of uniformly accelerated qubits interacting with a mass-
less scalar field via monopole interaction. Similar to the
case studied here, we expect the radiation-reaction terms
to possess some acceleration dependence as well as the
appearance of non thermal contributions (which also de-
pend on the acceleration) to the vacuum fluctuations of
the field. However, we suspect that the emergence of such
terms are connected solely with the presence of cross cor-
relations between the atoms mediated by the scalar field,
in contrast with the situation with the electromagnetic
field. Another possible direction is to consider a black-
hole space-time. One may argue that, close to event
horizon the Schwarzschild metric takes the form of the
Rindler line element. Therefore, in a certain sense the
results discussed here can be extended to Schwarzschild
black holes assuming that the atoms are close to the
event horizon. In spite of this, the topic is more sub-
tle than it would appear at first. Although entanglement
is degraded near a Schwarzschild black hole as predicted
in [22], there are important discrepancies arising due to
the difference between an event horizon in Schwarzschild
space-time and an acceleration horizon in Rindler space-
time. Such subjects are under investigation and results
will be published elsewhere.
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Appendix A: Correlation functions of the
electromagnetic fields in the vacuum
In this appendix we shall briefly discuss free elec-
tromagnetic correlation functions. We consider a four
dimensional unbounded Minkowski space-time. In ad-
dition, as previously mentioned we will work in the
Coulomb gauge. Here we will not discuss the quantiza-
tion of the electromagnetic field in detail. For a thorough
analysis of quantum electrodynamics in the Coulomb
gauge, we refer the reader the reference [63]. In turn,
details concerning the correlations of the electromagnetic
field for the case of uniformly accelerated observers can
be found in the comprehensive account by Takagi [64] and
related references therein. Instead, we limit ourselves to
briefly discuss the evaluation of all relevant electromag-
netic correlation functions in the vacuum employed in the
text.
We start our discussion by presenting the Hadamard’s
elementary function associated with the electric field. It
is given by
Dij(x, x′) = 〈0|{Ei(x), Ej(x′)}|0〉 =
(
∂
∂t
∂
∂t′
δij − ∂
∂xi
∂
∂x′j
)
D(1)(t− t′,x− x′),
= −
(
∂2
∂η2
δij − ∂
∂ρi
∂
∂ρj
)
D(1)(η,ρ), (A1)
where
D(1)(t− t′,x− x′) = − 1
4pi2
{
1
[(t− t′ − i)2 − |x− x′|2] +
1
[(t− t′ + i)2 − |x− x′|2]
}
. (A2)
After calculating the derivatives one gets
Dij(x, x′) = − 1
pi2
{
2(∆x)i(∆x)j − δij [|∆x|2 + (∆t− i)2]
[(t− t′ − i)2 − |x− x′|2]3
+
2(∆x)i(∆x)j − δij [|∆x|2 + (∆t+ i)2]
[(t− t′ + i)2 − |x− x′|2]3
}
. (A3)
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The Pauli-Jordan function of the electric field is given by
∆ij(x, x′) = 〈0|[Ei(x), Ej(x′)]|0〉 = −i
(
∂
∂t
∂
∂t′
δij − ∂
∂xi
∂
∂x′j
)
D(t− t′,x− x′)
= i
(
∂2
∂ζ2
δij − ∂
∂ρi
∂
∂ρj
)
D(η,ρ), (A4)
where ζ = t− t′, ρ = x− x′ and
D(t,x) =
1
2pi
sgn(t)δ(|x|2 − t2) = 1
4pi|x|
[
δ(|x| − t)− δ(|x|+ t)
]
=
1
(2pi)2|x| lim→0
[

2 + (|x| − t)2 −

2 + (|x|+ t)2
]
. (A5)
A detailed analysis of the function D(t,x) can be found in reference [63]. By evaluating the derivatives one obtains
an explicit form for the Pauli-Jordan function in terms of the delta functions and their derivatives:
∆ij(x, x′) =
i
4pi
{(
3(∆x)i(∆x)j
|∆x|2 − δ
ij
)[
δ′(|∆x| −∆t)− δ′(|∆x|+ ∆t)
|∆x|2
−
(
δ(|∆x| −∆t)− δ(|∆x|+ ∆t)
|∆x|3
)]
−
(
(∆x)i(∆x)j
|∆x|2 − δ
ij
)[
δ′′(|∆x| −∆t)− δ′′(|∆x|+ ∆t)
|∆x|
]}
, (A6)
where ∆x = ρ and ∆t = ζ. The above derivatives of the delta function are to be understood as a distributional
derivative. One can also express the Pauli-Jordan function based on the derivation of the Hadamard’s elementary
function:
∆ij(x, x′) = − 1
pi2
{
2(∆x)i(∆x)j − δij [|∆x|2 + (∆t− i)2]
[(t− t′ − i)2 − |x− x′|2]3
− 2(∆x)
i(∆x)j − δij [|∆x|2 + (∆t+ i)2]
[(t− t′ + i)2 − |x− x′|2]3
}
. (A7)
Now let us present the commutators associated with the magnetic field. From standard calculations, it is easy to
show that 〈0|Bi(x)Bj(x′)|0〉 = 〈0|Ei(x)Ej(x′)|0〉 and therefore
〈0|[Bi(x), Bj(x′)]|0〉 = 〈0|[Ei(x), Ej(x′)]|0〉, 〈0|{Bi(x), Bj(x′)}|0〉 = 〈0|{Ei(x), Ej(x′)}|0〉. (A8)
On the other hand, the correlation function of both fields is given by
〈0|Ei(x)Bj(x′)|0〉 = −i
∑
m
ijm
∂
∂η
∂
∂ρm
D+(η,ρ), (A9)
where ijm is the Levi-Civita tensor density and
D+(x, x′) =
i
(2pi)3
∫
d3k
2ωk
ei[k·(x−x
′)−ωk(t−t′)] = − i
4pi2
1
[(t− t′ − i)2 − |x− x′|2] . (A10)
Therefore
〈0|Ei(x)Bj(x′)|0〉 = 2
pi2
∑
m
ijm
(∆x)m(∆t− i)
[(t− t′ − i)2 − |x− x′|2]3 . (A11)
Hence, the symmetric correlation function is given by
〈0|{Ei(x), Bj(x′)}|0〉 = 2
pi2
∑
m
ijm
{
(∆x)m(∆t− i)
[(t− t′ − i)2 − |x− x′|2]3 +
(∆x)m(∆t+ i)
[(t− t′ + i)2 − |x− x′|2]3
}
, (A12)
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and the commutator reads
〈0|[Ei(x), Bj(x′)]|0〉 = 2
pi2
∑
m
ijm
{
(∆x)m(∆t− i)
[(t− t′ − i)2 − |x− x′|2]3 −
(∆x)m(∆t+ i)
[(t− t′ + i)2 − |x− x′|2]3
}
=
i
4pi
∑
m
ijm
(∆x)m
|∆x|
[
δ′′(|∆x| −∆t) + δ′′(|∆x|+ ∆t)
|∆x|
−
(
δ′(|∆x| −∆t) + δ′(|∆x|+ ∆t)
|∆x|2
)]
, (A13)
where the last line follows from the limit → 0.
The statistical functions of the fields have to be evaluated along the trajectory of the atoms. From the results above
one may evaluate the Hadamard’s elementary functions found in equation (22). For the case in which the atoms
are uniformly accelerated, the discussion is involved. As a basis of our analysis, we consider the following system of
reference frames: the inertial laboratory frame S with Minkowski coordinates (t,x), a set of instantaneous inertial
frames S1τ defined at each value of the proper time of atom 1 and another set of instantaneous inertial frames S
2
τ
defined at each value of the proper time of atom 2. The latter employ Rindler coordinates (η, ξ,x⊥). In this way, the
transformations from the inertial frame S to one of the frames Siτ , i = 1, 2, for an arbitrary tensor field T
µ···σ
ν···ρ are
given by standard Lorentz transformations:
Tµ···σν···ρ(τ) = Λ
µ
α(τ) · · ·Λσβ(τ) Λ δν (τ) · · ·Λ γρ (τ)Tα···βδ···γ(x(τ)), (A14)
where
Λ =
 γ(τ) −β(τ)γ(τ) 0 0−β(τ)γ(τ) γ(τ) 0 00 0 1 0
0 0 0 1
 , (A15)
where β(τ(η)) = (dx1/dη)/(dt/dη) = tanh aη and γ(τ(η)) = 1/(1 − β2)1/2 = cosh aη. Remember that η and τ are
related by expression (3). For instance, for the electromagnetic field strength tensor Fµν = ∂µAν − ∂νAµ one has
Fαβ(τ) = Fµν(x(τ))Λαµ(τ)Λ
β
ν(τ), (A16)
therefore one can obtain the associated transformation for the correlation function of the electromagnetic field strength
tensor as follows
〈0|Fαβ(τ)F γδ(τ ′)|0〉 = 〈0|Fµν(x(τ))F ρσ(x(τ ′))|0〉Λαµ(τ)Λβν(τ)Λγρ(τ ′)Λδσ(τ ′). (A17)
From the usual relations Ei = F i0, and Bi = −ijkF jk/2, and the results derived above one can obtain the correlation
functions for the electromagnetic fields E and B. Then it is straightforward to obtain the associated transformations
for the Hadamard’s elementary functions and also for the Pauli-Jordan functions. For simplicity, we consider the
case in which both atoms have the same spatial coordinates which are orthogonal to the direction of the acceleration.
Since x = x(η) and x′ = x(η′) from equation (A3) and employing equation (1) as well as the above coordinate
transformations one has the following explicit form for the Hadamard’s elementary function (ae−aξ1 = α1,ae−aξ2 = α2)
appearing in equation (22):
Dij [xc(η), xd(η
′)] =
a4e−2a(ξc+ξd)
4pi2
{
δijνi,cd(a(η − η′), )
[cosh(a(η − η′)− ia)− coshψcd]3
+
δijν
∗
i,cd(a(η − η′), )
[cosh(a(η − η′) + ia)− coshψcd]3
}
,
(A18)
where there is no implicit summation over repeated indices and we have defined
ν1,cd(a(η − η′), ) = cosh(a(η − η′)− ia)− coshψcd
ν2,cd(a(η − η′), ) = ν(±)3,cd = cosh(a(η − η′)− ia) coshψcd − 1 (A19)
with ψcd = ψ(xc,⊥, ξc,xd,⊥, ξd) defined through the following equation:
coshψ(xc,⊥, ξc,xd,⊥, ξd) = 1 +
(eaξc − eaξd)2
2ea(ξc+ξd)
. (A20)
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FIG. 3. Contours for the evaluation of the integrals of equations (B1) and (B9) (R → ∞). Exceptionally, this figure was
developed with the JaxoDraw Java program.
In order to derive such expressions use has been made of known hyperbolic identities [70]. In addition, we have
absorbed a positive function of η, η′ as well as a positive function of ξ1, ξ2 into . Incidentally, we mention that in
order to reach the above Wightman functions we have redefined the regulator . For a finite time interaction between
the atoms and the field, this leads to a non-trivial change in the interpretation of . For more details on this subject,
see Ref. [36]. Available discussion of the renormalization of the epsilon-regularization and alternatives to it can also
be found in Refs. [71, 72].
On the other hand, from the above transformations one can compute the Pauli-Jordan function for this case which
are present in equation (24):
∆ij [xc(η), xd(η
′)] =
a4e−2a(ξc+ξd)
4pi2
{
δijνi,cd(a(η − η′), )
[cosh(a(η − η′)− ia)− coshψcd]3
− δijν
∗
i,cd(a(η − η′), )
[cosh(a(η − η′) + ia)− coshψcd]3
}
.
(A21)
Appendix B: Evaluation of the contributions of vacuum fluctuations and radiation reaction to 〈dHA/dη〉
In this Appendix we calculate in detail the contributions of vacuum fluctuations and radiation reaction to the
rate of variation of energy of the two-atom system. From the results derived in the Appendix A, one may compute
all the relevant correlation functions of the electric field which appears in equations (22) and (24). Namely, such
contributions to spontaneous emission are computed by inserting in such expressions the statistical functions of the
two atom system, given by equations (26) and (27), and the electromagnetic-field statistical functions given by (A18)
and (A21). Initially let us present the contributions coming from the vacuum fluctuations. Performing a simple
change of variable u = a(η − η′), these can be expressed as, with ∆η = η − η0:〈
dHA
dη
〉
V F
= − a
3
8pi2
∑
ω′
2∑
c,d=1
∆ω e−a(ξc+ξd) exp
[
i∆ω(αd − αc)aη
αcαd
]
×
∫ a∆η
0
du
(
ei∆ωu/αd + e−i∆ωu/αc
)[ δijT ijcd(ω, ω′;u, )
(cosh(u− i)− coshψcd)3
+
δijT
ij ∗
cd (ω, ω
′;u, )
(cosh(u+ i)− coshψcd)3
]
,(B1)
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where a was absorbed into  and we have defined
T ijcd(ω, ω
′;u, ) = Aijcd(ω, ω′)νi,cd(u, ), (B2)
with no implicit summation on repeated indices in equation (B2). The quantities νi,cd and ψcd = ψ(xc,⊥, ξc,xd,⊥, ξd)
are defined in Appendix A whereas the generalized atomic transition dipole moment Aijcd(ω, ω′) is defined in equa-
tion (28). All integrals can be evaluated within the techniques of contour integration by noting that (z > 0)∫ ∞
0
dr [· · · ] =
∫ z
0
dr [· · · ] +
∫ ∞
z
dr [· · · ].
The strategy goes as follows. Consider the integrals:
I1 =
∫ ∞
0
du
ei∆ωu/αd νi,cd(u, )
sinh3
(
u−i+ψcd
2
)
sinh3
(
u−i−ψcd
2
) ,
and
I2 =
∫ ∞
0
du
e−i∆ωu/αc νi,cd(u, )
sinh3
(
u−i+ψcd
2
)
sinh3
(
u−i−ψcd
2
) .
Let us take a look at I1. We use the contours in the complex u-plane illustrated in figure 3. For ∆ω > 0, the poles
located inside the contour considered are given by un = i+ ψcd + 2piin, where n ≥ 0 is an integer and ψcd > 0. The
associated contour integral can be splitted up as∮
∆ω>0
du [· · · ] =
∫ R
0
du [· · · ] +
∫
cR
du [· · · ] +
∫ 0
iR
du [· · · ] = 2pii
∞∑
n=0
Res(un),
where cR is the quarter of the circle depicted in plot (a) of Fig. 3. On the other hand, for ∆ω < 0 the poles inside
the contour are given by un = ψcd − 2piin, where n > 0. Similarly, such a contour can be splitted up as∮
∆ω<0
du [· · · ] =
∫ R
0
du [· · · ] +
∫
c′R
du [· · · ] +
∫ 0
−iR
du [· · · ] = −2pii
∞∑
n=1
Res(un),
where c′R is the quarter of the circle depicted in plot (b) of Fig. 3. The integrals along cR and c
′
R vanish for R →∞
in virtue of the Jordan’s lemma. Similar considerations can be settled to I2. It is clear that same arguments apply
for the integral associated with ν∗i,cd(u, ). Hence, after some algebra one gets, for ∆η > ψcd/a > 0 and → 0〈
dHA
dη
〉
V F
= − a
3
4pi
∑
ω′
2∑
c,d=1
e−a(ξc+ξd) exp
[
i∆ω(αd − αc)aη
αcαd
]
csch2 (ψcd)
×
{
∆ωJ ωω′cd (∆ω,∆η) + θ(∆ω)∆ω
[
δij
(
U ijcd(∆ω, αd) + V
ij
cd (∆ω, αd) +
2U ijcd(∆ω, αd) + V
ij
cd (∆ω, αd)
e2pi∆ω/αd − 1
)
+ δij
((
U ijcd(∆ω, αc)
)∗
+
(
V ijcd (∆ω, αc)
)∗
+
2
(
U ijcd(∆ω, αc)
)∗
+
(
V ijcd (∆ω, αc)
)∗
e2pi∆ω/αc − 1
)]
− θ(−∆ω)|∆ω|
[
δij
((
U ijcd(|∆ω|, αd)
)∗
+
(
V ijcd (|∆ω|, αd)
)∗
+
2
(
U ijcd(|∆ω|, αd)
)∗
+
(
V ijcd (|∆ω|, αd)
)∗
e2pi|∆ω|/αd − 1
)
+ δij
(
U ijcd(|∆ω|, αc) + V ijcd (|∆ω|, αc) +
2U ijcd(|∆ω|, αc) + V ijcd (|∆ω|, αc)
e2pi|∆ω|/αc − 1
)]}
, (B3)
where we have defined
J ωω′cd (∆ω,∆η) = −
1
8picsch2ψcd
∫ ∞
a∆η
du
(
ei∆ωu/αd + e−i∆ωu/αc
) δijT ijcd(ω, ω′;u, 0)
sinh3
(
u+ψcd
2
)
sinh3
(
u−ψcd
2
) (B4)
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and also
U ijcd(∆ω, α) = Aijcd(ω, ω′)Ui,cd(∆ω, α) (B5)
V ijcd (∆ω, α) =
i
picsch2ψcd
∫ 2pi
0
du e−∆ωu/α
T ijcd(ω, ω
′; iu, 0)
(cosu− coshψcd)3
, (B6)
with no implicit summation on repeated indices in equation (B5), and
U1,cd(∆ω, α) = − exp
(
i∆ωψcd
α
) [
∆ω
α
+ i cothψcd
]
(B7)
U2,cd(∆ω, α) = U3,cd(∆ω, α) = 1
2
exp
(
i∆ωψcd
α
) [
∆ω
α
coshψcd + i cschψcd
(
1−
(
∆ω
α
)2
sinh2(ψcd)
)]
. (B8)
In the above equations we used the fact that ν∗i,cd(u, 0) = νi,cd(u, 0). Now let us evaluate the radiation-reaction
contributions. As above we perform a simple change of variable u = a(η − η′). One gets〈
dHA
dη
〉
RR
= − a
3
8pi2
∑
ω′
2∑
c,d=1
e−a(ξc+ξd)∆ω
×
∫ a∆η
0
du
(
ei∆ωu/αd − e−i∆ωu/αc
)[ δijT ijcd(u, , η)
(cosh(u− i)− coshψcd)3
− δijT
ij ∗
cd (u, , η)
(cosh(u+ i)− coshψcd)3
]
. (B9)
Using the results derived above, one has, with ∆η > ψcd/a > 0 and → 0:〈
dHA
dη
〉
RR
= − a
3
4pi
∑
ω′
2∑
c,d=1
e−a(ξc+ξd) exp
[
i∆ω(αd − αc)aη
αcαd
]
csch2 (ψcd)
×
{
θ(∆ω)∆ω
[
δijU
ij
cd(∆ω, αd) + δij
(
U ijcd(∆ω, αc)
)∗]
+ θ(−∆ω)|∆ω|
[
δij
(
U ijcd(|∆ω|, αd)
)∗
+ δijU
ij
cd(|∆ω|, αc)
]}
. (B10)
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